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The problem of the velocity of propagation of the various normal modes of a spherical electro-
magnetic quasi-monochromatic wave in a transparent layer near total reflection is examined, and
a formula giving the velocity of the energy transport as a function of the eigenvalues of the modal

equation is derived.

It is well known that in a very dispersive me-
dium — where the higher derivatives of the refractive
index with respect to frequency cannot be omitted —
the character of the velocity of energy transport of
an EM pulse becomes ambiguous in the sense that
this velocity depends on the spectrum of the trans-
mitted signal. This ambiguity is a characteristic of
non-linearity and cannot be removed by a suitable
re-definition of the velocity of energy transport! 2;
it can, however, be minimized by the use of quasi-
monochromatic waves (see below).

The problem is relevant in a number of applica-
tions involving geophysical diagnostics or remote
sensing via leaky channels where a precise determi-
nation of the arrival time of a disturbance is re-
quired. Although the analysis given below is valid
for a great variety of leaky wave guides, for the
sake of definiteness we will consider here, as an ex-
ample, a homogeneous dielectric non-dispersive
layer supported by a perfectly conducting interface.
The layer will assume a thickness h and its refrac-
tive index is taken n=>1+/4n where |4n| <1.
Both transmitter and receiver are located inside the
slab. The transmitter sends a quasi-monochromatic
spherical wave. It is required to calulate the velocity
of energy transport of the far field.

The received field contains 3 distinct groups of
energetic entities 3: partially reflected normal modes
(decaying in amplitude exponentially with distance
r), totally reflected normal modes (decaying cylin-
drically with distance), and the lateral wave (which
decays > * as 1/r or 1/r?). It is obvious, therefore,

* Reprints request to the present address: Department of
Physics, Nuclear Research Center “Democritos™, Agia Pa-
raskevi, Athens, Greece.

1 L. A. WAINSHTEIN, Group Velocity of Damped Waves, Sov.

Phys. Tech. Phys. 2, 2420 [1957].

L. BriLLouiN, Wave Propagation and Group Velocity, Aca-

demic Press, London 1960.

[}

that for the far field, only the totally reflected nor-
mal modes should be taken into account.

We start as usual * from the investigation of the
roots of the pertinent modal equation. For parallel
polarization, e. g., this equation assumes the form:

_Z/

Va*—Z;2 (1)
where a=K h V2 An and K = w/c is the wave num-
ber in vacuum. Z;= X, + Y, is the (generally com-
plex) solution of (1) for the [-th (in generally par-
tially reflected) quasi-monochromatic normal mode
(1=1,2,3,...).

In our case (1) will be considered mainly for
Z; = X, =real which happens for

Khy24n = (21-1) a/2 (2)
for the l-th mode. Our intention is to calculate the
velocity with which the energy carried along by the
individual normal modes under the condition (2)
is propagating between the transmitter and the re-

tan Z; =

ceiver.
The expression for the wave number of the [-th
normal mode is 3

, o
S = Vl (Kbh')':g

and for a partially reflected mode is of course com-

plex.
For a totally reflected mode, i. e., for
c2l-1) ~n
m; Z D pin = 2h V2 An

¢ X2
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THE VELOCITY OF ENERGY TRANSPORT FOR NORMAL MODES

Figures 1 and 2 shows the variations of Y; and X;
as functions of @ (for A Y2 An fixed) before and
after total reflection for [ =1, 2, 3. We see that near
the region of transition X; and Y; are, both, rapidly
varying functions of w, while far from the critical
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Fig. 1. Y; as a function of a.

Fig. 2. X; as a function of a.

point the change rather slowly. This suggests that
higher order derivatives of K;(w) with respect to
cannot inadvertently be neglected near total reflec-
tion; so the usual formula for the group velocity
go o 20
Ve = 3K (o)
cannot be applied near the transition region.
Our propagation scheme then is equivalent, as
far as dispersion is concerned, to an unbounded

Following Brillouin we expand
d(Ew)

€y =€w+0 7
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medium with a relative dielectric constant
e =1-—

which (near total reflection) varies rapidly with .

We can extend BRILLOUIN’s analysis? and in-
clude higher order derivatives 3% /3w?, 33¢/dw?
in order to calculate the equivalent dielectric con-
stant €; of our scheme and the corresponding velo-
city of energy transport vy . The quasi-monochroma-
tic wave is represented as the sum of two neigh-
boring carriers

me=0—0(6 < w)

of equal amplitude, say A/2. In carrying out his
analysis, Brillouin did not proceed beyond J€/3w
and as a result of this approximation, the parameter
0 did not appear in his final result for v, which co-
incides with v, . In our case, however, 0, the spec-
tral width of the quasi-monochromatic wave, is re-
tained in the final expression for v; (see below).

Now 0 cannot physically be reduced as much as
we please. In fact, 20, is just equal to the (sta-
tistically determined) average (3 db) value of the
natural line breath radiated by a single dipole os-
cillator as a result of the action of the self-force.
The ratio 2 0/w? is independent of @, a universal
constant, and equals

27, 2-10-%
Te="T3 (3)

where r, is the so-called classical electron radius.

The electrical energy stored per unit time and
volume in the medium from a quasi-monochromatic
wave with line breath 2 0 is

2/25

o
W=t [E 2wy W, (0)
0

wy=w+90,

(4)

where W is the propagating portion of this energy
and W,(0) stands for the increase of the kinetic
energy of the medium per unit volume above its
“ground state”.

| E | = intensity of the electric field

A 5 .
- (cos wyt—cos wyt) = — Asin(d1) sinw¢
and
| aD A S .
ﬂdlt? } = — o (6 wysinm; t— €, wysinmyt).
& Eem) | & Pew)
2 Jw? 6 Jw? (5)
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3(6(1)) & 32(em) 6 I3 (ew)

€y Wy =EW — A
and 2 W2 5 Sw 2 do? 6 Jw?

We keep two more terms involving 3%2(€ w)/Qw?® and 33(cw)/dw?.
So (5) becomes:

/26
W = A—f{ew.{_ i(-)} | sin%(d¢) cos(w ¢) sin(wt) de

47 2 3 6)
3 3
+ 1~{6 g E;:) 66 & a(e(;)) } Of sin2((u t) cos(0t) sin(dz) d¢.
The first integral gives:
/26
I = (]" sin2(0t) cos w tsinw ¢ dt = — i{cos wén = 1}

1 w+0 1 w—<§
+7r(w+g{cos(ﬁ(—s~)n—l}+ 16(@—3) {cos( 3 ‘)1—1}.
Expandin - and - in the amplitude terms and retaining only first order terms which gives an
P 8 wid D=0 P g ¥ g

accuracy of the order of (8/w)?2 yields:

I =— =y cos(ﬂ).

4w 0
The second integral is evaluated in a similar manner and gives
nj26

= [sin%(wt) cos(dt) sin(dt) de=1/46.
0

Substituting in (6) and taking into account that
S(Ew) Qe 3 (ew) Qe aze 3 (Ew) J2€ J3e
3w T Qw’ Qw? =2 Sw T WS dw and Qw3 = dw? Y dw®
we finally get:

A2 wn Qe o2 wx RESA o2 w7 e Nw
W—** { <1~cos 6)—{—-8—((/) — cos 6)+8w2<‘> 2'cosfaf)+aw,>6}.

In the above expression we have to remember that d is a statistically derived average value so that all
cos-terms must be taken at their average values, i. e.:

A (e w?g_'_ * 3% | 8 3% A2
16z \- T%3 2 3w ' 6 aws) 167
To this electric power density one must add themagnetic power density (which for a plane wave equals
A,€/16 1), in order to get the total power density transferred to the medium. So, if we denote by €; an
equivalent dielectric constant of the medium, we have

2

W Je [3 J2e e

{E+w?+ 30t T30 [

A2 g 7 o
Wit 2 B C [W{(d) now acquires its minimum value]
where

2 2, 3
w Q€ 6[ J2e ae} )

&€t S 50 T 12330 T P50
By omitting the higher order derivatives in the above expression we refind Brillouin’s original result for

a slightly dispersive medium. The velocity of energy transport will be given now by:

Vi= S?ph 3 e
=) w %€ , w' (2§\2|, 3% %k 8
1+7’HE Sw FG(Z) [ Sw? @ aws} (&)

where the universal constant 2 d/w? appears explicitly. Examine for instance the second term in brackets.
The factor

4256(26) — 486 10 0
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is not necessarily small: for a frequency of the order of a few GHz and € always < 1 this factor may be
of the order of one. Such frequencies can correspond to lower order modes in the vicinity of total reflec-
tion for say a thin layer of the order of a wavelength (K h~1) where the refractive index is of the order
of ~1.5 (millimeter waves in plexiglas layers for instance). In another interesting case, that of a typical
atmospheric layer, (h~100m, 4n~1075) the total reflection frequencies are, for the lower order modes,
in the region of a few hundred MHz and so the above factor for those modes is small.
Taking into account that
w Khece
U= Kiw)  VKRI-X2

we get after some manipulation from (8) the velocity of energy transport for the l-th normal mode near
total internal reflection as a function of the corresponding eigenvalues of the modal equation:

i 6 xi(t—w 1) o[ 2 (th SP sm Bl 35,0000 o o) e
% l( 1—(u—§a)—r w \ e aw) 30 7?30 3wt —wr I-SE

Y0z -xzs oV () —xe

Once the velocity of the l-th mode is known, the velocity with which the ensemble of the totally reflected
normal modes (i. e. the totally reflected portion of the transmitted wave) propagates can be calculated

as the power-average
? u) |y

T
where |y (l)| is the amplitude of the l-th totally reflected normal mode ® 4, at the receiving place. This

expression can be evaluated numerically — in the absence of a close analytical form for (9). The num-
ber of totally reflected normal modes is given from

KhV2dn2z 21-1)2 or 1<2024n 4~
where 1 is the vacuum wavelength. A suitable choice of the operating frequency, for a given A and 4n,
limits drastically in some cases the number of totally reflected normal modes (I=1--10). This can be
done for example in underwater L. F. propagation experiments.



